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Molecular dynamics simulations using the Embedded Atom Method were performed 
to describe the interparticle behavior of two single crystal spherical nickel nanoparticles 
during compaction based on applied strain rate, particle size, contact angle, and crystal 
orientation.  The evolution of the contact surfaces was analyzed during the molecular 
dynamics simulation and an investigation of friction effects was conducted at the contact 
surfaces.  The results from the current study were validated by comparing them to 
previous nanocrystalline research on bulk particle deformation and to previous studies of 
elasto-plastic contact laws between two macroscale spherical particles.  These quantified 
friction effects give a better understanding of nanoparticle behavior and will be used to 
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Powder metallurgy, which refers to the production of metal powders and their use 
to produce metal components, has experienced tremendous growth the past few decades.  
This is due to the growing realization by the automotive industry that powder metal 
(P/M) parts not only provide significant cost savings compared with alternative 
manufacturing processes, such as casting, but can at the same time offer a product with 
improved performance and mechanical properties.   In addition, due to the more recent 
development of nanosized components, there is a growing interest in ultrafine powders, 
which have particle sizes less than 100 nm in size.   
Most applications for powder metallurgy dictate that high densities are attained in 
the final product.   Due to the particulate nature of powders, densification of the 
compacted powder proceeds through plastic deformation at the particle contact and by the 
rearrangement of particles.   The pores between the powder particles are interconnected 
and the reduction of porosity is due to the flattening of the contact points between 
particles resulting in an increase of the contact area.  The friction between powder 
particles and the tooling surfaces, combined with interparticle friction, hinders the 
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uniform consolidation of the metal powder leading to density variations in the compacted 
part (German, 1994). Also, interparticle friction requires the use of higher compaction 
pressures to achieve a dense part.  Final shape and mechanical properties are determined 
by the level and uniformity of the as-pressed density.   
Over the past ten years there has been a great deal of effort directed toward 
developing an accurate model of the powder compaction process.  Several constitutive 
model methodologies are used in modeling the powder metallurgy processes.  These 
methods may be classified on the basis of length scales.  
(a) Continuum models address macroscopic behavior and describe the 
microstructure using only a few representative internal variables, such as the relative 
density of the compact. 
(b) Micromechanical models, which are at the particle scale, provide a relatively 
complex analysis on the behavior of porous materials, but are limited to uniform particle 
size and periodic microstructures. 
(c) Discrete element models analyze multi-particle behavior using numerical 
simulation of individual particles based on a set of prescribed contact conditions.  
(d) Molecular dynamics models address the response of individual atoms under 
mutual interactions and take place at the nanoscale level.   
While considerable work has been done to predict the behavior of metal powders at the 
continuum level, there are few, if any, efforts focusing on modeling the compaction 
process at the atomistic-level (Zanglianos, 2002).  Taking the results of mechanical 
behavior from atomistic simulations and incorporating them into the properties for 
-3- 
higher-scale finite element analysis is a recent area of research that fits into the bigger 
picture of multiscale modeling. 
Molecular dynamics can help in terms of modeling the deformation behavior of a 
small group of nanoparticles.  See Figure 1.1 for a SEM image of high purity nickel 
nanopowder with spherical nanoparticles ranging from 5 nm to 20 nm in diameter.  Since 
the early work of Hall (1951) and Petch (1953), who showed that higher strength is 
obtained with decreasing grain size, the relationship between grain size and mechanical 
properties has been a subject of continuous investigation.  Researchers, such as Siow et 
al. (2004), Zhou et al. (2003), and van Swygenhoven and Caro (1997), have shown that 
the mechanical properties are significantly different for nanosize particles as compared to 
coarser particles.  This has led to an increased interest in the development of nanosized 














Since the mechanical properties of P/M components are influenced mainly by  
residual porosity, it is hypothesized that understanding the interparticle friction behavior 
during compaction is crucial to accurately modeling this process and predicting the 
density distribution in the part after compaction.  In industry, powders are mixed with 
lubricants to minimize friction effects primarily between powder and tooling.   No added 
lubricants were considered in this study. 
The objective of this research is to use molecular dynamics simulations to 
describe the interparticle behavior of spherical nickel nanoparticles during compaction 
and to illustrate and quantify the friction effects on this behavior.  These quantified 
friction effects give a better understanding of nanoparticle behavior and will be used to 
develop constitutive equations for larger scale models, such as finite element analysis. A 
better understanding of interparticle friction may also result in a reduction of the 




The thesis begins with an introduction to the research problem and the need for 
numerical modeling.  A background of previous research work in the area of molecular 
dynamics modeling and contact law is presented in Chapter 2.  Chapter 3 discusses the 
model configuration and atomistic simulation results based on applied strain rate, particle 
size, contact angle, and crystal orientation.   Chapter 4 presents a study on the evolution 
of contact surfaces during the simulation and an investigation of friction effects at the 













Previous research on the deformation behavior of nanoparticles largely falls into 
two main categories:  1) the study of the bulk behavior of the particles and 2)  the study 
of the contact surfaces of the particles.   To study the densification of randomly packed 
equal-sized spherical particle aggregates Kakar and Chaklader (1968) and Fischmeister 
and Arzt (1983) adopted an approximation of the indentation solution by Prandtl (1920). 
Plasticity theory was applied as the yield criterion in the contact region and used to 
establish a relationship between the transmitted contact force, F, the contact surface 
radius, a, and the yield stress, σy, of the material.   There have been several studies, for 
example, by Heinisch (1995), Van Swygenhoven and Caro (1997), Kitamura et al. 
(1997), and Horstemeyer et al. (2001) using molecular dynamics simulations to study the 
elastic and plastic behavior of bulk nickel nanocrystalline metals with very small grain 
sizes (less than 20 nm).  Similar research was performed on nanocrystalline copper by 
Schiotz et al. (1999), Zang et al. (2004), and Solanki et al. (2005).  However, there is 
very little, if any research studying the interparticle behavior between two nanoparticles.   








al. (1997) on the deformation behavior of contact surfaces between two spherical metal 
particles primarily addressed macroscopic behavior.   
 
Molecular Dynamics 
Large scale computer simulations are the focal point of modern atomistic 
modeling and a study of the defect and deformation processes at the atomic scale is 
controlled by the computational methodologies available and the extent to which the 
simulations can be experimentally validated.   In atomistic simulations, interatomic forces 
that move the atoms and reflect the quantum-mechanical chemical bonding are 
calculated.  For simulations that consider the thermal effects, a conventional molecular 
dynamics algorithm is used where the Newtonian equations of motion for the atoms are 
solved numerically.  These forces are most often obtained from interatomic potentials, 
such as the embedded-atom method (EAM).  The EAM potential for a given metal is 
determined from its lattice parameter, cohesive energy, and elastic moduli.   
For the molecular dynamics simulations we used EAM potentials developed by 
Daw and Baskes (1984).  The notion of embedding energy was first proposed by Friedel 
(1952) and further developed by Stott and Zaremba (1980).  Daw and Baskes (1984) 
proposed a numerical method for calculating atomic energies for metals.  Daw et al. 
(1993) summarize many applications of EAM.  The EAM potential used in this study for 
nickel is described in Angelo et al. (1995) and Baskes et al. (1997).    The EAM potential 








electrostatic and repulsive interactions between atoms.  The total energy is given by the 
following equation  
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This equation predicts that the total energy is equal to the embedding energy F times the 
electron density ρ due to neighboring atoms plus the addition of the potential energy term 
φ.  From the energy calculation, the dipole force tensor, β, is determined for each atom 














1β  ,                                                                                            (3.2) 
where N is the number of nearest neighbor atoms, f is the force vector, r is the 
displacement vector, and Ω is the atomic volume.   In this way, β is analogous to the 
stress tensor at the atomic site.  The global stress over the continuum is interpreted as a 





1                                                                                                  (3.3)     
where N is the total number of atoms in the specimen. 
Molecular dynamics codes perform the energy, force, and stress calculations 
based on the chosen potential.  Another common output parameter is the centrosymmetry 
parameter.  The centrosymmetry parameter of a given atom provides a measure of the 
level of disturbance of that atom’s environment from the symmetric crystal structure.  















FCC       ,                                                                                        (3.5) 
 
where α and β are atom indices and r is the distance between the atoms.  The summation 
is taken over the six pairs of opposing neighbors of an atom. For an atom in a perfect 
FCC structure, the centrosymmetry parameter is zero. By plotting the atoms with a 
centrosymmetry parameter larger than some cutoff value (2.0 for this study), we can 
visualize the dislocation structure of the deforming material. 
 
Contact Laws 
The study of contact between deforming bodies was first investigated by Hertz 
(1882).  Hertz found that the interface between two spheres pressed together was a 
circular area.  In addition, the diameter of this circle depended on the normal force.  The 
Hertz theory is based on the assumption that the two spheres are perfectly elastic and that 
the size of the actual contact diameter is small compared to the diameter of the spheres.  
The elastic deformation is achieved by elastic compression of the bulk material 
underneath.  The theory developed by Hertz remains the foundation for most contact 
problems today.  Morrison and Richmond (1976) studied two spherical particles of 
perfectly plastic material and under uniaxial compressive load as a comparison to the 
original Hertz problem in elasticity.  Their results were valid for small contact areas as 
well.  Matthews (1980) extended Hertz contact theory to nonlinear materials, governed 
by work hardening plasticity or power law creep; however, it is only valid for small 
contact areas.  For large deformation, the Matthews’ model overestimated the force 







performed nonlinear finite element analysis to study the contact between two spherical 
particles under normal force and undergoing large deformations and modified the 
analytical model for small deformation by including internal state variable (ISV) 
constitutive relations that include the particle-to-particle contact during large 
deformations.  Martin et al. (2003) studied particle rearrangement during powder 
compaction by discrete element method (DEM) and used constitutive equations for the 
contact.  The particles were modeled as elastoplastic material and follow a hardening 
relation in the plastic regime based on the work by Storåkers et al. (1997).  Martin also 
included friction at the contact points for perfectly plastic materials and solved for the 
tangential force by extending previous studies by Green (1954) and by Larsson and 
Storåkers (2000). 
In the current research, molecular dynamics simulations were performed on two 
spherical nickel nanoparticles to study the deformation behavior and contact relations of 
the particles.  The results from the current study were validated by comparing them to 
previous nanocrystalline research on bulk particle deformation and to previous studies of 













In this study, uniaxial compression simulations were performed on single crystal 
spherical nickel nanoparticles.  Atomistic simulations were performed for two contacting 
particles of various sizes, crystal orientations, and contacting angles to analyze the effect 
of these parameters on nanoparticle behavior.  Boundaries were defined as free surfaces 
in the x- and z-directions, and by applying a compressive load along the y-direction by 
defining an applied velocity.  Before the velocity was applied, a Nose-Hoover thermostat 
was used to enforce a constant temperature, and to equilibrate the system to 
accommodate any surface relaxation in the system.  At the completion of the equilibrium 
phase, a linear y velocity profile given by 
 yvy ε&= ,                          (3.4) 
whereε& is the strain rate, was applied to the atoms.  This was done in order to avoid an 
initial shock wave, which otherwise would result from the instantaneous application of 
the boundary conditions on the ± y surfaces.  The imposed velocity resulted in very high 
strain rates, on the order of 108 s-1.  The reason the applied strain rates were high was 









the order of femtoseconds (10-15 s or fs).  Therefore, for smaller strain rates, the  
dynamics simulations would last an inordinate amount of time.  In molecular, the time 
step used when integrating the equation of motion must be short compared to the typical 
phonon frequencies in the system.  A timestep of 5 fs was used, which is safely below the 
value where the dynamics becomes unstable.       
The atomistic models were created by defining two particles at various contact 
angles.  As shown in Figure 3.1, the model consisted of two spherical single crystal 
particles just touching at various contact angles.  The contact angle is the angle between 
the x-axis and the normal axis of the contact point and varied from 30°, 60°, and 90°. A 
half sphere was added to each end of the model to provide a fixed surface for the 
boundary conditions.    The particle diameters used in the models were 3.52 nm, 7.04 nm, 
and 10 nm.  As shown in Figure 3.2, each of these models consisted of one of the 
following crystal lattice orientations for the particles:  <100> crystal orientation, <110> 
crystal orientation, or a combination of <110> and <100> crystal orientations.  In each 
case, the lattice origins were located at the particle centers.  Because the model consisted 



















Figure 3.1   Model configuration with θ=30°, 60°, 90°, D = 3.52 nm, 7.04 nm, 10 nm,  
                    applied velocity v = 0.22 nm/ps 
 
 
Since there is very little previous research on compaction of an equivalently sized 
bulk model, to provide a basis for comparison, atomistic simulations were also performed 
for a 7.04 nm diameter cylinder, with an overall length of 21.12 nm along the y-axis.   
These cylinder model dimensions were comparable to the 7.04 nm particle model with 
90° contact angle.  The cylinder was modeled using the same three crystal orientations 
described for the particles.  For the <100> and <110> crystal orientation models, the 
crystal orientation was defined for the entire length of the cylinder.  For the combined 
case, the lower half of the cylinder was defined with a <100> crystal orientation and the 
upper half was defined with a <110> crystal orientation.  The cylinder was compressed 






























<100> and <110> 
combined orientation 
Figure 3.2   Various crystal orientations for single crystal particles 
 
The models were compressed for up to 20% true strain using molecular dynamics 
simulations.   In each model, a few planes of atoms at the top and bottom (xz planes at the 
+y and –y extrema) of the half spheres were fixed on their perfect lattice sites.  Thermal 
velocities of the interior (active, non-fixed atoms) were then initialized using a 
Boltzmann distribution at a chosen temperature of 300 K.  The temperature was allowed 
to equilibrate for 10 ps at 300 K.  Figure 3.3 provides images from the 90° models for the 
different size particles after 10 ps of 300K temperature but prior to straining.  For the 
compression, a velocity of 0.22 nm/ps was applied to the block of atoms by setting the y-
velocity of the fixed planes to a constant value, resulting in various applied strain rates 
(on the order of 108 s-1) depending on the size of the particles.  To prevent a shock from 
being induced onto the model because of the high strain rates, an initial velocity field was 
introduced.  The interior atoms in the model were given an initial y-velocity 








prescribed velocity at the top and bottom atomic planes, depending on their y-coordinates 
in the simulation box.  Because straining via moving the frozen planes adds considerable 
energy to the active atoms, a Nose-Hoover thermostat was used during the molecular 
dynamics simulation to keep the active atoms at constant temperature.  The thermostat 
applies a damping factor to the active atoms based on the difference between their current 
temperature and the desired temperature of 300K.   
 
 
10 nm diameter particle 
48,000 atoms per particle
3.52 nm diameter particle 
2,123 atoms per particle 
7.04 nm diameter particle
16,757 atoms per particle 
Figure 3.3   Comparison of model sizes for 90° contact angle showing centrosymmetry  





The simulation time for each model varied depending on model size and applied 
strain rate.  For the smallest model, consisting of approximately 6000 atoms, the 
simulation was completed in two hours, using 16 parallel processors.  The largest 









parallel processors.  The simulations were run using Warp, a molecular dynamics code 
(Gullett et al., 2004), and were performed using multiple parallel processors on IBM 
Linux Superclusters.  Output data computed from the simulation results included total 
energy, the dipole force tensor for each atom, the global stress tensor, and the 
centrosymmetry parameter.   
Figure 3.4 shows a stress-strain response from the atomistic simulations for one of 
the 7.04 nm diameter cylinder models, and includes snapshots of the atomic positions at 
different locations along the deformation path.  The average global stress of the active 
atoms was computed by using Equation (3) and the axial stress along the y-axis is plotted 
on the stress-strain curve. Compressive stresses are denoted as positive stresses in the 
stress-strain curves throughout this paper. The atoms plotted from the simulation 
represent only those with a centrosymmetry parameter greater than 2.0.   The stress-strain 
curve first shows yielding at 3.5% strain (3.8 GPa) and peak stress (6.69 GPa) at 
approximately 5.9% strain, after which the axial stress immediately drops to zero. Also, 
instead of a smooth curve, fluctuations are noted along the stress-strain curve and are due 
to thermal vibrations of the atoms.  In addition, Figure 3.4 shows clearly the evolution of 
dislocation nucleation and motion.  At 5.8% strain, dislocation nucleation around the 
middle edge of the cylinder is evident in the snapshot.  At this point, the stress required to 
activate a certain density of dislocations is reached and the material plastically deforms.  
The first dislocation line moves across the diameter of the cylinder.  This plastic 
deformation precipitates dislocations with subsequent propagation of dislocation glide 








the subsequent smaller peaks in stress represent formation of additional dislocations, with 
dislocation motion occurring along the drop offs.   Shear bands are evident in macroscale 
experiments, but at this scale dislocation glide along crystallographic planes is also 
evident.  This supports the notion that underlying mechanisms for macroscopic shear 
banding is dislocation glide.  The elastic behavior of the nanoscale cylinder model is 
comparable to that seen for macrosized models.  The bulk model results were compared 
to the two particle simulations results.   
The nanoparticle model provided an analysis of interparticle behavior of a porous 
model.  Figure 3.5 shows a typical stress-strain response from the atomistic simulations 
for the spherical nanoparticle study.  These results are for two 7.04 nm particles in 
contact and compressed at 2x108 s-1 strain rate.  Figure 3.5 also includes snapshots of the 
atomic positions at different locations along the deformation path.  In the nanoparticle 
simulations, the stress was averaged only over the two center particles to exclude possible 
errors due to high stress states at the boundaries of the model.  The two particle stress-
strain curve shows several locations of microyield, where the stress-strain behavior 
deviates from elastic linearity.   The first location of microyield was when the initial 
dislocations are emitted from the grain boundaries (σ = 0.8 GPa, ε = 2.5%).  At these 
points, the stress required to activate a certain density of dislocations was reached and the 
material plastically deformed.  Subsequent propagation of dislocation glide led to 
irregular fluctuations in the plateau region of the stress-strain curve, as evident in Figure 








macroyield point is defined as the location where the maximum or peak stress occurs     
(σ = 3.5 GPa, ε = 15%).   
 
 
Figure 3.4   Axial stress-strain response for the 7.04 nm diameter cylinder model with  
                   <100> crystal orientation, and 2x108 s-1 applied strain.  Blue areas denote  































Figure 3.5   Axial stress-strain response for two 7.04 nm diameter spherical particles with  
                   <100> crystal orientation, and 2x108 s-1 applied strain rate and correlating  
                   dislocation states illustrating motion of dislocations by the centrosymmetry  
                   parameter. 
 
 
The deformation behavior and the stress-strain response of the cylinder versus the 
two spherical particles being compressed were obviously very different.  Figure 3.6 
provides a comparison of the stress-strain results for the 7.04 nm nanoparticle 
compression and the 7.04 nm diameter cylinder compression.  It is noted that the peak 
stress is approximately 3.5 GPa for the porous, two particle model, as compared to 6.69 




























(approximately 5.9% strain) as compared to the two particle model which reaches peak 
























Figure 3.6   Stress strain comparison of uniaxial compression of a cylinder and uniaxial  
                    compression of two 7.04 nm diameter spherical particles, <100> orientation,  
                    2x108 s-1 strain rate. 
 
 
Four parameters were of interest in this study:  strain rate, particle size, crystal 
orientation, and contact angle.   The following sections explore the effects of each of 
these parameters in detail based on the simulation results. 
 
Strain Rate Effects 
 
Time scale issues as related to strain rate effects on dislocation nucleation, 
motion, and interaction will be covered in this section.  Size scale and its relation to time 









rate effects on small specimens, a couple of factors must be considered.  First, the highest 
frequency component will arise in relation to the atomic frequency.  These vibrations 
occur on the order of 10-12 s.  To alleviate the potential shock wave effect caused by the 
applied velocity, an initial velocity gradient in the y-direction was applied across all the 
atoms.  The next factor is the applied strain rate.  Most of the simulations were performed 
on the order of 108 s-1.  However, to observe the strain rate effect, strain rates of 107 s-1 , 
109 s-1 , and 1010 s-1 were also applied to the models.  The simulation results show that as 
the applied strain rate increased, the yield stress and the magnitude of the stress-drop 
increased.   
The stress strain curves at various strain rates for the 7.04 nm diameter particle 
model and 3.52 nm diameter particle model are presented in Figure 3.7 and Figure 3.8, 
respectively.  The crystal orientation of the particles was <100> for this analysis.  Both 
Figure 3.7 and Figure 3.8 showed that as the strain rate increased, the flow stress 
increased.  This is consistent with experimental results with increasing strain rates 
applied to the sample.  Figure 3.9 shows experimental curves for single crystal copper 
illustrating increasing flow stress with increasing applied strain rate with a comparison to 
the yield stress values, normalized by the elastic modulus, obtained for the different 
nickel simulations using molecular dynamics.  Figure 3.9 further validates the molecular 
dynamics simulation results for the nanoparticles, as well as shows the trend for 
increasing flow stress with increasing applied strain rate occurs for other metals, for 





































7.04 nm particle 
<100> lattice orientation 
Figure 3.7   Stress-strain response of 7.04 nm particles at various applied strain rates 
 
 
It was also observed that an increase in applied strain rate resulted in a decrease in 
the strain difference between the microyield stress and peak stress.  For example, in 
Figure 3.7, the microyield stress for the 107 s-1 strain rate occurs at approximately 1.25% 
strain and the peak stress occurs at approximately 17% strain.  In comparison, for 108 s-1 
applied strain rate, the yield stress is reached at 2.5% strain and the peak stress is reached 
at 16% strain.  Thus, the lower strain rate yields faster, but takes longer to reach peak 
stress.  Also, Figure 3.7 and Figure 3.8 show that as the strain rate is lowered, the 
occurrence of dislocations in the model becomes more prominent on the stress-strain 






































3.52 nm particle 
<100> lattice orientation 
 





















MD simulation (EAM) 
L = 7.04 nm 
(a) 
(b)  
Figure 3.9   (a) Experimental data for copper examining yield stress versus applied strain  
                    rate (Horstemeyer et al., 2001)  compared to (b) Molecular Dynamics (MD)  











Particle Size Effects 
An analysis of size scale effects was made using the molecular dynamics 
simulations.  To achieve a relatively small strain rate of 107 s-1 in the molecular dynamics 
world, the model must be small and consist of a small number of atoms.  However, if a 
large block of atoms is desired, the applied strain rate must be high; otherwise the 
simulations take an inordinate amount of time.  When the stress-strain data were arranged 
according to particle size, a size scale effect arose as shown by the stress-strain curve in 
Figure 3.10.   In this model, the applied strain rate is on the order of 108 s-1.   An increase 
in yield stress and peak stress was noted as the particle size decreases.   The 3.52 nm 
diameter particles have higher yield stress and peak stress values than the 7.04 nm and 10 
nm diameter particles.  This is consistent with the predictions by Hall (1951) and Petch 
(1953), which showed that higher strength is obtained with decreasing grain size.  
Previous atomistic simulations on nanocrystalline metals have shown a reverse Hall-
Petch effect in which there is a relative softening of the metal with decreasing grain size 
for grain sizes below approximately 10 nm (Schiotz et al., 1999; Van Swygenhoven and 
Caro, 1997).  This is because for very small grain sizes the grain boundaries take up a 
considerable fraction of the material so plastic deformation is mostly carried by the grain 
boundaries.  It is interesting to note that in the current simulation, the maximum yield 
strength occurs at the 3.52 nm particle size.  Thus, there is no transition of the Hall-Petch 

































Figure 3.10   Axial stress-strain curves based on particle size 
 
 
The steep drops in the stress-strain curve denote instances of dislocation glide.  
From the stress-strain plot shown in Figure 3.10, it was also observed that the number of 
dislocations increased with the particle size. The 3.52 nm diameter particle model had 
approximately six dislocations.  The 7.04 nm particle model had approximately ten 
dislocations. And the 10 nm particle model had approximately twelve dislocations.  
Dislocations add energy to a crystal.  Crystals try to maintain their crystalline structure 
and therefore seek the lowest energy configuration possible.  The dislocation line glides 









An important characteristic of powders is the high ratio of surface area to volume.    
Figure 3.11a shows a log-log plot of yield stress under simple shear normalized by elastic 
shear modulus as a characteristic length scale given by the volume-to-surface area ratio, 
V/S.  This plot shows a clear size scale effect.  As the ratio of volume to surface area 
decreases, the normalized yield stress increases exponentially.  Figure 3.11b, which is 
based on current results, shows a similar trend in a log-log plot of yield stress under 
uniaxial compression normalized by the elastic modulus versus volume per surface area.  
The surface area, S, is proportional to the square of the particle diameter, D, and is 
expressed as follows: 
2DS π=              (3.6) 
The volume, V, is proportional to the particle diameter cubed and is given by 
     
6
3DV π=                  (3.7) 
 
Figure 3.11b also shows a strain rate effect.  The normalized yield stress increases with 































                                  (a)                                                                     (b) 
 
Figure 3.11   (a) Experimental data examining yield stress versus applied strain rate  
                     (Horstemeyer et al., 2001) (b) Results from current research 
 
 
 Figure 3.12, Figure 3.13, and Figure 3.14 show snapshots from the nanoparticle 
model for 3.52 nm, 7.04 nm, and 10 nm diameter spherical particles respectively.  In 
these models, the particles were defined with pressed 
eation and glide is 
ith a 
entrosymmetry value greater than 2.0.  These snapshots show that there was more 
isloca








 <100> crystal orientations, and com
with 2x108 s-1 applied strain rate.  In these snapshots, dislocation nucl
evident by the darker blue areas in the snapshot.  The atoms pictured are those w
c
d tion activity as the particle size increased.  Increased dislocation activity with 
increased particle size is also consistent with the stress strain results based on particle size 
shown in Figure 3.10.  This is expected since the motion of many dislocations is required 










                      with <100> crystal orientation, and 2x108 s-1 applied strain rate and  
                    correlating dislocation states illustrating motion of dislocations by the  







Figure 3.12   Snapshots from the atomistic model for 3.52 nm diameter spherical particles
0% strain 8.9% strain4.2% strain 11.2% strain













                     with <100> crystal orientation, and 2x108 s-1 applied strain rate and  
                     correlating dislocation states illustrating motion of dislocations by the  
                   centrosymmetry parameter. 
 
 




0% strain 2.06% strain 6.06% strain 8.96% strain 
13.61% strain 11.78% strain 













0% strain 3.69% strain 8.99% strain 10.7% strain
12.3% strain 14% strain 15.78% strain 16.84% strain
o
                     with <100> crystal orientation, and 2x108 s-1 applied strain rate and  
                     correlating dislocation states illustrating motion of dislocations by the
















Contact Angle Effects 
The effect of contact angles was also investigated in this study.  The contact 
angle, which refers to the angle between the x-axis and the normal direction at the particle 
contacts, was set at 30°, 60°, and 90°, as shown in Figure 3.1.  Figure 3.15 shows a 
comparison of the stress-strain response based on contact angle for the 7.04 nm particle 
model.  For this analysis, the applied strain rate was 2x10  s  and the crystal orientation 
was <100> for the particles.  In Figure 3.15, the maximum peak stress is 3.75 GPa for the 
90° configuration.   
 
igure 3.15   Stress-strain curves based on contact angle for 7.04 nm diameter  
The stress-strain curves based on contact angle for the <110> crystal orientation 









































respectively.  Similar to the <100> crystal orientation stress-strain curve in Figure 3.15, 
Figure 3.16 and Figure 3.17 also depict the highest axial stress for a 90° contact angle.  
The lowest axial stress was observed for a 30° contact angle between particles.  When 
comparing orientation, it was observed that the particles with <110> crystal orientation 
had the largest axial stress at 90°, and the greatest stress difference for the various contact 
angles.  The peak stress for the <100> orientation is 3.75 GPa, closely followed by a peak 
stress of 3.25 GPa for the <110> orientation.  In comparing Figures 3.15, 3.16, and 3.17, 
it is noted that the peak stress of the 60° case is approximately 60-70% of the peak stress 

























Figure 3.16   Stress-strain curves based on contact angle for 7.04 nm diameter  


































Figure 3.17   Stress-strain curves based on contact angle for 7.04 nm diameter  
                      nanoparticles with combined crystal orientation 
 
In summary, peak stress increased with increasing contact angle (from 30° to 90°) 
by as much as 264%.  For a 90° contact angle, this was due to the normal indentation 
between the particles, which resulted in reduced slippage.  At a 30° contact angle, the 
shear stresses were highest, and sliding at the contact surface occurred, reducing the axial 
stress during compression.  Also, the required strain to reach the peak stress increased 
with increasing contact angle.  The snapshots in Figures 3.18 compare particle 
deformation based on contact angle for 7.04 nm diameter model.  Particle sliding was 
observed in the 30° model, as shown in Figure 3.18.  In addition, the 30° model has more 










6.06% strain 17.95% strain 







0% strain 6.3% strain 13.3% strain 17.95% strain
Figure 3.18   Comparison of particle deformation for two 7 nm dia. spherical particles at  
                     30°, 60°, and 90°, with <100> crystal orientation, and 2x108 s-1 applied  











Crystal Orientation Effects 
 
In this section, the yield and plastic flow behavior with respect to slip within the 
crystal lattice was explored.  Early experimentals on FCC single crystals as a function of 
orientation were performed by Nabarro et al. (1964).  Molecular dynamics modeling has 
been used more recently by Horstemeyer et al. (2002) to examine crystal orientation on 
the stress-strain relationship.   This study showed that orientation can change yield 
strength and flow stress by up to a factor of four as observed in measurements of tensile, 
uniaxial compression, and channel die compression deformation of single crystals at 
quasistatic strain rates.   
Figure 3.2 illustrates the different crystal orientations used in this study.  The 
lattice was oriented such that a different number of glide planes would be available for 
crystallographic slip in the simulations.  As mentioned previously, dislocations glide 
along slip planes.  In an FCC unit cell, there are three <110> slip directions, with slip 
occurring on the four {111} octahedral planes which give twelve total possible slip 
systems.  Based on the direction of the applied strain and crystal orientation, slip systems 
are activated.  For the <100> single crystal orientation with applied strain along the [010] 
direction there are eight initially active slip systems, or octal slip.  Similarly, the lattice 
orientation of <110>, results in four active slip systems, or quadruple slip.  Figure 3.19 

























































Figure 3.19   Active slip systems for <100> crystal orientation 
  
 The crystal orientations used in the model were <100>, <110> and a combined 
orientation of <100> and <110>.  Figure 3.20 contains snapshots from the atomistic 
simulation for the 7.04 nm diameter particles at various strains.  For this analysis, the 








Figure 3.20, significant dislocation activity is observed for the combined orientation.  It is 
also evident that dislocation glide occurs on specific crystallographic planes as predicted. 
 
 
0% strain 6.06% strain 
13.61% strain 17.16% strain
<100> <110> combined <100> <110> combined








Figure 3.20   Comparison of dislocation nucleation and propagation based on crystal  
                     orientation for 7 nm diameter particles at 2x108 s-1 applied strain rate.   
                     Dislocations are denoted by areas of blue. 
   
Figure 3.21 shows enlarged snapshots from the simulation for the 7.04 nm 








At 6.82% strain, the first major dislocation line developed, which results in a drop in 
axial stress.  The stress-strain response for this model is included in Figure 3.26.  The 
activated slip planes were )111(  and )111( .  The dislocation lines moving across these 
planes were connected and moved upward, followed by the annilation of the dislocation 
line moving along the )111(  planes.  Afterwards, the dislocation line moved back down 
the )111(  plane.  Figure 3.22 includes snapshots from the simulation that show 








Figure 3.21   Dislocation glide along )111(  and )111(  slip planes for <100> crystal  













8.86% strain 8.87% strain
8.87% strain (rotated view)
Figure 3.22   Dislocation glide along )111( , )111(  and )111(  slip planes for <100>  









Figure 3.23 shows the stress-strain response based on crystal orientation for a 7.04 
nm cylinder being compressed.  It is shown that orientation has a large effect on the yield 
stress and peak stress of the solid cylinder.  The largest peak stress was observed for the 
<110> orientation.  The behavior of the cylinder at this orientation was similar to that of a 
brittle material, with nearly perfectly elastic behavior evident from the stress-strain curve, 
and immediate failure afterwards.  The <100> and combined crystal orientation models 


























Figure 3.23   Stress-strain response based on crystallographic orientation for 7.04 nm  
Crystal orientation 











In contrast, orientation was shown to have little effect on the microyield for the 
two particle compression simulation, as shown in Figures 3.24, 3.25, and 3.26.    
However, orientation is shown to have a large effect on the peak stress of the two particle 
model.  Figure 3.24 shows the stress-strain response based on crystal orientation for a 30° 
contact angle between particles.  Similarly, Figure 3.25 shows the stress-strain response 
based on crystal orientation for a 60° contact angle between particles.  And, lastly, Figure 
3.26 shows the stress-strain response based on crystal orientation for a 90° contact angle 
between particles.  In comparing Figures 3.24, 3.25, and 3.26, it is evident that the 
smallest peak stress occurred for the combined orientation.  The largest peak stress 
occurred for the <110> crystal orientation, except for the particles at a 30° contact angle.  
However, the difference in peak stress between the <100> and <110> orientations for the 
30° model are within 0.2 GPa.  This is compared to differences in peak stress of  0.7 GPa 
between the <100> and <110> orientations for the 60° models and differences in peak 
stress of 1.75 GPa between <100> and <110> orientations for the 90° model.  The <110> 
orientation had the largest strain to reach the peak stress, which was determined to also be 
dependent on contact angle.  The stress values for the <100> crystal orientation were only 
slightly less than those obtained for the <110> orientation.  A summary of peak stress 
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Figure 3.24   Stress strain response for two 7.04 nm particles at a 30° contact angle being  
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Figure 3.25   Stress strain response for two 7.04 nm particles at a 60° contact angle being  
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Figure 3.26   Stress strain response for two 7.04 nm particles at a 90° contact angle being  
                     compressed at 2x108 s-1 strain rate. 
 
 
Table 3.1   Peak stress results based on crystal orientation for 7.04 nm diameter  
      nanoparticle model and the 7.04 nm diameter cylindrical model 
 
 <100> <110> combined 
30° contact angle 1.6 GPa (at 12%) 1.4 GPa (at 11.5%) 1.12 GPa (at 7%) 
60° contact angle 2.65 GPa (at 14%) 3.35 GPa (at 15%) 2.3 GPa (at 10%) 
90° contact angle 3.65 GPa (at 16%) 5.4 GPa (at 17%) 3.1 GPa (at 12.5%) 
Cylinder 6 GPa (at 6.5%) 15.7 GPa (at 5.3%) 3.8 GPa (at 3%) 
   
For a single crystal, the elastic modulus varies with the lattice orientation.  The 
elastic modulus depends on the summation of interatomic spacings.  A different 
arrangement of atoms will result in a different bond strength and elastic modulus. For the 
<100> crystal orientation, the elastic modulus is typically 125 GPa, as compared to 220 









research by Siow et al. (2004) and Zhou et al. (2003) has shown that a reduction of 
elastic modulus occurs if the grain size is smaller than 10 nm.  Nanocrystalline materials 
with grain sizes between 10-100 nm have elastic modulus values in the range of that for 
the microcrystalline material.  Figure 3.23 shows the effect of crystal orientation on the 
stress-strain response for a 7.04 nm diameter cylinder being compressed.  The elastic 
modulus was 110 GPa which is lower than the macroscale value (137 GPa) for <100> 
crystal orientation.  An increase in modulus values was noted for the <110> direction. 
The combined orientation was calculated as an average of the modulus values over the 
<100> and <110> directions, as given in Appendix D.  A summary of the elastic modulus 
values for the 7.04 nm diameter cylinder simulations is provided in Table 3.2.     
 
Table 3.2   Elastic modulus values from atomistic simulation 7.04 nm diameter cylinder   
                  being compressed at 2x108 strain rate compared to macroscale values. 
 
Crystal orientation Elastic modulus 
(GPa) 




See Appendix D 
<100>  110 137 
<110>  256 223 
combined  130 180 (average) 
 
In Figure 3.26, which shows the stress-strain response based on crystal orientation 
for 7.04 nm particles at a 90° contact angle, a large decrease in elastic modulus is 
observed.  The low elastic modulus is due to the porosity in the model, which is 







provided in Table 3.3, which shows that the values are much lower than the macroscale 
values.  For comparison of the size effect on the elastic modulus, Table 3.4 contains data 
based on particle size for the <100> crystal orientation only.  Figure 3.10 shows the 
stress-strain curve based on particle size, from which these values were measured.  These 
results show that for particle sizes 10 nm or smaller, an increase in elastic modulus is 
seen. 
 
Table 3.3   Elastic modulus values from atomistic simulation 7.04 nm particles being  
                  compressed at 2x108 strain rate compared to macroscale values. 
 
Crystal orientation Elastic modulus 
(GPa) 




See Appendix D 
<100> 38 137 
<110> 49 223 
combined 41 180 (average) 
 
Table 3.4   Elastic modulus values from atomistic simulation of two particle compression  




Crystal orientation Elastic modulus 
(GPa) 
3.52 <100> 50 
7.04 <100> 38 












This chapter presents a study on the evolution of the contact surfaces during the 
molecular dynamics simulation and an investigation of friction effects at the contact 
surfaces.  At the macroscale, a study of the contact between two spherical particles being 
pressed together has been investigated by several researchers (Hertz, 1882; Morrison and 
Richmond, 1976; Matthews, 1980; Johnson, 1987; Li et al, 1995.).  These studies were 
based on the assumption that the particles were perfectly elastic (Hertz, 1882), perfectly 
plastic (Morrison and Richmond, 1976), or nonlinear plasticity with work hardening 
(Matthews, 1980; Li et al., 1995).  These contact models were applied to the nanoscale 
particles being investigated in the current simulations.  From the contact analysis,  
friction effects were quantified at the contact surface of the nanoscale particles. 
Contact Law 
  The following provides a discussion of elastic loading of the contact based on 
the Hertz contact law (Hertz, 1882).  A circular contact area forms when two spheres 
come into contact.  Assuming elastic spherical particles, for two contacting particles with 


































vEc                                   (4.2) 















rFa ,                                                                                                   (4.3) 
where FN is the normal force at the contact.  The normal displacement or indentation of 
the two particles is due primarily to deflection in the region of contact.  Assuming 





=                                                                                                                 (4.4)  
If work hardening based on power law is considered in the plastic regime, the 
following constitutive equation for the contact is applicable 
 m10εσσ = ,                                                                                                          (4.5) 
where σ0 is a material constant, m is the hardening coefficient and σ and ε are the stress 






=                                                                                                      (4.6) 
where c(m)2 is related to the size of the contact area and ranges from 0.5 for linear 
hardening (m=1) to 1.45 for perfectly plastic (m=∞) .  Values for σ0, m, and c(m) are 
typically obtained from a curve fit of experimental data.  In the current analysis for the 








(peak stress) provided the best curve fit between the power law relation for indentation 
height and the measured indentation values from the molecular dynamics simulation.  
Close values were obtained for the other models considered.  In the plastic regime, for a 






=                                                                                                            (4.7)  
From the simulation results, the contact radius a and indentation h can be easily 
obtained.  Figure 4.1 shows how a and h were measured at several points during the 
compression simulation.   
h=0.68 nm 
2a= 3.04 nm 
 
Figure 4.1   Typical measurements of indentation and contact diameter from the  
                    molecular dynamics simulation-  7.04 nm diameter particles, <100> lattice  










According to contact theory, the normal indentation is a function of the contact 
radius.  Figure 4.2 shows a plot of measured values of h as compared to theoretical h 























Storakers et al., 1997 (perfectly plastic)
Storakers et al., 1997 (work hardening)
EAM MD
 
c(m)2 = 0.95, m = 3
Figure 4.2   Comparison of indentation versus measured contact radius for 7.04 nm  
                   diameter particles at a 90° contact angle.   
 
The elastic model overestimates indentation.  The perfectly plastic model starts 
out with a very close approximation up to 4.4% strain (a = 1.3 nm in Figure 4.2), but then 
underestimates the indentation with increasing strain.  A good correlation was obtained 
between the atomistic simulation results and the plastic model with work hardening, 
especially after 6% strain (a = 1.5 nm in Figure 4.2), by adjusting the hardening 








Similar comparisons were made for the 3.52 nm diameter and 10 nm diameter 
particles using the contact laws and simulation measurements discussed above.  The 
results from these analyses are provided in Figures 4.3 and 4.4.  Again, the plastic with 
work hardening model based on power law provides a very close approximation to the 
simulation results.  Thus, the plastic model with work hardening is found to be a good 

























Storakers et al., 1997 (perfectly
plastic)




c(m)2 = 0.85, m = 4
Figure 4.3   Comparison of indentation h versus measured contact radius a for 10 nm  































Storakers et al., 1997 (perfectly
plastic)




c(m)2 = 0.95, m=3
Figure 4.4   Comparison of indentation versus measured contact radius for 3.52 nm  
                    diameter particles at a 90° contact angle.  
 
 
In Figure 4.5, a comparison in indentation and contact radius is made between the 
different size models.  The size effect can be seen in this plot.  The indentation was 
initially the same for all the sizes.  However, when the models were compressed between 
17% to 20% strain, a much larger indentation is observed for the 10 nm particle.  In 
addition, the change in contact radius is greater, as expected.  Figure 4.5 shows that 
Storåkers et al. (1997) work hardening model captures this size scale difference.  Figure 
4.6 provides a normalized plot of measured indentation versus measured contact radius 
from the molecular dynamics simulations.  In the normalized plot, these curves are 



























Storakers et al., 1997 (3.52nm)
EAM MD (3.52 nm)
Storakers et al., 1997 (10nm)
EAM MD (10 nm)
Stroakers et al., 1997 (7.04 nm)
EAM MD (7.04 nm)
 
 
Figure 4.5   Comparison of indentation versus measured contact radius for 3.52 nm,  
























EAM MD (3.52 nm)
EAM MD (10 nm)
EAM MD (7.04 nm)
 
Figure 4.6   Normalized plot of indentation (h/r) versus contact radius (a/r) for 3.52 nm,  









This study also examined the effect of contact angle on particle deformation at the 
contact surface.  A contact angle of 90° resulted in normal indentation between the 
particles.  Other contact angles, such as 30° and 60°, resulted in slightly oblique 
indentations.  For the contact radius calculations, the contact surface is assumed to be 
circular. 
The results of indentation versus measured contact radius for the 7.04 nm 
diameter particle with 60° and 30°contact angles between the two particles are provided 
in Figures 4.7 and 4.8, respectively.  Again, the Storåkers et al. (1997) work hardening 
model provides a close approximation to the measured values of indentation from the 
simulation, even at various contact angles.  A summary of indentation ranges and 
measured contact radius ranges for the various contact angles studied is included in Table 
4.1.  Plotting the measured values of indentation and contact radius for 30°, 60°, and 90° 
contact angles on the same plot, as in Figure 4.9, shows that the contact angle has little, if 




























Storakers et al., 1997 (perfectly
plastic)




Figure 4.7   Comparison of indentation versus measured contact radius for 7.04 nm two  






















Storakers et al., 1997 (perfectly
plastic)




c(m)2 = 0.95, m=3 
c(m)2 = 0.95, m=3
Figure 4.8   Comparison of indentation versus measured contact radius for 7.04 nm two  








Table 4.1   Comparison of indentation and measured contact radius for 7.04 nm two  
                  particle compression at 30°, 60°, and 90° contact angles for up to 20% strain.  
 




30 degrees 0.3 – 1.2  1 – 1.8  
60 degrees 0.12 – 1.55  0.7 – 2.2  

























EAM MD (30 deg)
EAM MD (60 deg)
EAM MD (90 deg)
 
 
Figure 4.9   Comparison of indentation height and measured contact radius for 7.04 nm  
                    two particle compression at 30°, 60°, and 90° contact angles for up to 20%  
                    strain.  
 
Next the contact pressure was determined from the results using several methods 
to further validate the application of the power law to the nanoparticle model.  One 
method of obtaining the contact pressure is by measuring the normal stress on the contact 
surface directly.  In the molecular dynamics simulation, the dipole force tensor, given by 








model with a 90° contact angle between spherical particles, the normal stress was 
obtained directly from this stress tensor.  For other orientations, a stress transformation 
was performed to obtain the stresses along the normal and tangential axes of the contact 
surface.  Figure 4.10 contains images from the contact surface from which these 
measurements were taken for a 7.04 nm particle at a 90° contact angle and <100> crystal 
orientation.  The normal stress at the contact surface was analyzed for a distribution 
profile, such as in the macroscale case where maximum contact stress is found at the 
center of the contact area, with decreasing contact stress moving radially outward from 
the center.  Such a clear radial stress distribution was not observed from the simulation, 












11.1% strain 14% strain 17.19% strain
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Figure 4.10  Evolution of contact surface for 7.04 nm particle at a 90° contact angle, 
<100> crystal orientation, and 2x108 s-1 applied strain rate.  
 
Another method of obtaining the contact pressure is by dividing the contact force 
by the contact surface area, as given below. 
( 2a
FP Nc π








The contact force can normally be determined from the applied force; however, obtaining 
the applied force from the MD simulations was impossible, since the compression was 
carried out by an applied strain.  By averaging the dipole force tensor, β, over the two 
center particles, the axial stress was obtained from the model.  From this averaged stress, 
the contact force was estimated using several methods.  The first method used is based on 
the power law and was given by Storåkers et al. (1997) using finite element analysis.   










+−+−−= πσ                                                (4.9) 
where m=3, c(m)2 = 0.95, and σ0= peak stress provided the best curve fit between the 
power law relation for indentation and the measured indentation values from the 
molecular dynamics simulations.  The normal contact force based on the power law was 
calculated using theoretical values of h based on Equation (4.7) and by using h values 
determined from the molecular dynamics simulations.  The expression for normal plastic 
contact force based on the power law is valid only for frictionless contact and normal 
indentation.  However, it has been shown (Carlsson et al., 2000) that friction does not 
have a large effect on the value of the normal force.  In the plastic regime, considering a 
perfectly plastic material with no work hardening, the normal indentation force  
(Storåkers et al., 1997) is  
 .                                                                                                   (4.10) 23 aF yN πσ=




















Figure 4.11 shows the contact pressure versus contact area based on the contact 
laws.  The perfectly plastic model grossly overestimates the contact pressure, while the 
perfectly elastic model under estimates the pressure.  The power law model based on 
measured values of h provides a more accurate display of the contact pressure values, 
starting out near the perfectly elastic curve and closely following the strain hardening 
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Figure 4.11   Comparison of contact laws for contact pressure versus contact area for  
                      7.04 nm particles at a 90° contact angle. 
 
 
The normal force was also approximated using the following relation by Kumar 
(1995):   








For comparison, the normal force was also calculated as a function of the relative radius, 
and as a function of the contact radius as given below: 
( )22 cyyN rSF π=                                                                                                 (4.13) 
( )22 aSF yyN π=                                                                                                 (4.14) 
The computed contact pressures using the normal force calculations were then compared 
to the measured normal stress values at the contact surface from the simulations.  Figure 
4.12 shows a plot of contact pressure versus contact area for the 7.04 nm spherical 
particles with 1x108 s-1 applied strain rate.  The relation by Kumar (1995) grossly 
overestimates the contact pressure.  In comparison, the contact pressures computed using 
the relative radius and contact radius are slightly higher than the measured normal stress 
values at the contact.  However, the contact pressure increases too rapidly using the 
normal force calculation based on contact radius.  Also, this plot shows many fluctuations 
in the contact pressure over the increasing contact area for the approximations based on 
the axial stress over the two spherical particles.  These fluctuations, which were also 
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Figure 4.12   Comparison of computed contact pressure values versus measured contact  
                      area from simulation of 7.04 nm spherical particles with 2x108 s-1 applied  
                      strain rate. 
 
A linear curve fit was applied to the data in Figure 4.12 to correlate the data and 
to compare the results with the results obtained from the contact law relations.  Figure 
4.13 shows a plot of the linear approximations for the contact pressure based on relative 
radius and contact radius compared to contact pressure based contact laws.  It is evident 
that the measured normal stress values from the contact surface are much lower than the 
other methods predicted.  In addition, the contact pressure only slightly increased with 
contact area.  The lower values may be attributed to the normal stress being averaged 
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MD EAM (normal stress)
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c(m)2 = 0.95, m = 3 
Figure 4.13   Comparison of computed contact pressure versus measured contact area for  
                      7.04 nm diameter spherical particles, 90° contact angle, and 2x108 s-1  
                      applied strain rate. 
 
The power law model (Storåkers et al., 1997), without considering the elastic 
regime, provides the closest approximation to the actual model behavior.  The curve 
based on actual model indentation height has some fluctuations initially, however, the 
curve then starts to smooth out and follows the predicted power law model.  These initial 
fluctuations may be attributed to interparticle friction due to sliding.    
The normal contact force as a function of contact radius for the 7.04 nm diameter 
particle model and at a 90° contact angle is shown in Figure 4.14.  As previously 
discussed, the work hardening power law (Storåkers et al, 1997) provided the closest 








the 30° and 60° contact angle models. These results are shown in Figure 4.15 and Figure 
4.16.  The normal plastic force was also measured using Storåkers et al. work hardening 
equation. Equation (4.9) was also used to obtain the normal plastic contact force for the 
30° and 60° cases, although the contact surface is slightly oblique.  These force 
calculations were compared to calculations made using the contact laws previously 
discuss.  Figures 4.15 and 4.16 showed that the Storåkers et al. (1997) work hardening 
model provides a good approximation, after increasing the hardening coefficient, m.  
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Figure 4.14   Comparison of normal contact force versus measured contact radius from  
                      simulation of 7.04 nm diameter spherical particles, 90° contact angle, and  
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c(m)2 = 0.95, m=4 
Figure 4.15   Comparison of normal contact force versus measured contact radius for  
                      7.04 nm diameter spherical particles, 60° contact angle, and 2x108 s-1  
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c(m)2 = 0.95, m = 6 
 
Figure 4.16   Comparison of normal contact force versus measured contact radius for  
                      7.04 nm diameter spherical particles, 30° contact angle, and 2x108 s-1     









Friction exists between the powders and the die walls, as well as between the 
powder particles.  However, very little research focuses on interparticle friction.  One of 
the few studies was conducted by Martin et al. (2003), who investigated interparticle 
friction, based on the Coulomb law, during the compaction of 3D packings using the 
Discrete Element Method.   Friction phenomena are complicated, yet being able to 
accurately predict interparticle friction is important.  Interparticle friction refers to the 
resistance a powder exhibits to particles slipping past one another.  Particles do not pack 
well when friction between them inhibits sliding.    This friction is dominated by the 
surface area, surface roughness, and surface chemistry.  The standard friction model, 
based on the early work of Coulomb (1779), is the classical Coulomb friction law which 
states that at the contact surface two bodies will not slide over each other as long as the 
shear stress magnitude is less than the friction coefficient times the pressure stress 
between them.  Thus, friction is basically the tangential reaction force between two 
surfaces in contact.  
In this section, an approximation to the tangential forces at the contact surface 
was determined.  Concerning the tangential force at the contact, the contact is either in a 
sticking state, with negligible relative tangential displacement, or in a state of sliding, 
with frictional forces being relevant.   In this study, when the contact is sliding, Coulomb 
law of friction is assumed,  








where μ  is the friction coefficient, N is the normal force at the contact point, t is the unit 
vector parallel to the contact plane, and T is the tangential force at the contact.  Since the 
molecular dynamics models being investigated consist of various contact angles between 
the two spherical particles, coefficient of friction at various contact angles was studied for 
both a normal indentation and for an oblique indentation.  Martin et al. (2003) conducted 
a similar study on macrosized particles.  From the normal and tangential forces, an 
accurate approximation to the friction coefficient as a function of contact angle (or angle 
of obliquity) will be determined for the two spherical nanoparticles being compressed.   
The angle of obliquity was given by the tangential and normal components of relative 
velocity of the center of one particle with respect to the center of the other particle, as 
shown in Figure 4.17. 
 
Figure 4.17   Diagram of normal and tangential velocity vectors and angle of obliquity  










To examine the friction effects it was necessary to determine the shear forces 
generated between the particles during compaction, as a method of obtaining the 
tangential forces.  As in the previous section on determining the normal contact pressure, 
the shear pressure at the contact surface was determined using several different methods.  
First, the shear stress was obtained by measuring the shear stress on the contact surface 
directly.  For the 90° contact model, the shear stress is σxy and can be obtained directly 
from the dipole force tensor, as was done for the normal stress.  Figure 4.10 contains 
images from the contact surface from which these measurements were taken for a 7.04 
nm particle at a 90° contact angle and <100> crystal orientation.   
The shear force was also used to approximate the shear stress.  The following 
equation calculated the shear force based on the particle radius and on the average shear 
stress over the two spherical particles:   
( )22 rSF xyT π=                                                                                                 (4.16)                         
Similarly, the shear force was also calculated as a function of the relative particle radius, 
rc, and as a function of the contact radius, a, as given below: 
( )22 cxyT rSF π=                                                                                                 (4.17) 
( )22 aSF xyT π=                                                                                                 (4.18) 
The shear stress was also approximated using the shear strength of the material.  It 
was assumed that for each contact the tangential deformation is elastic until the applied 
shear pressure exceeds the shear strength of the material.  In sliding the friction force can 








2aT sπσ=                                                                                                         (4.19) 
where σs is the shear strength.  An approximation for the shear strength was obtained 
from the nickel deformation map (Frost and Ashby, 1982) shown in Figure 4.18 based on 
the shear modulus.  The shear modulus is represented by μ on the map, but is referred to 
by G in this paper.  The shear modulus was calculated from the reduced elastic modulus 





=                                                                                                      (4.20) 
where E = 38 GPa for the 7.04 nm simulation.  Assume v = 0.3 gives G =14.6 GPa.  From 
the nickel deformation map, for a grain size of 100 mm, the shear strength σs is 
approximately 0.3 GPa.   
The computed shear pressures using the tangential force calculations were then 
compared to the measured shear stress values at the contact surface from the simulations.  
Figure 4.19 shows a plot of shear stress versus contact area for the 7.04 nm spherical 
particle model at 90° contact angle and <100> crystal orientation.  Based on these results, 
it is noted that the shear pressure calculation based on relative radius is grossly 
overestimated.  Also, while the pressure calculation based on contact radius starts out in 
the range of the measured simulation values, the pressure values continue to increase 
exponentially out of the simulation range.  Thus, the closest approximation to the 



















0 2 4 6 8 10 12 14 16










MD EAM (shear stress)
MD EAM (contact radius)
MD EAM (rel. radius)
Shear strength (Frost & Ashby, 1982)
 










The shear strength was expressed in term of a shear force by averaging the 
strength over the contact area.  Similarly, the measured shear pressure values at the 
contact surface were also converted to shear force values.  Figure 4.20 provides a plot of 
tangential force versus normal force.  Based upon Coulomb law of friction, the slope of 
the curve is equal to the coefficient of friction.  The normal force calculation is based on 
the power law (Storåkers et al., 1997) using measured values of indentation to more 
accurately reflect the model behavior.  The tangential force values were determined based 
on the shear strength (Frost and Ashby, 1982) and by applying a linear curve fit to the 
measured simulation values.  The measured values showed fluctuations due to thermal 
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μ = 0.09 
μ = 0.007 
σs = 0.3 GPa 
Figure 4.20   Tangential force vs. maximum normal contact force for 7.04 nm particles,  









Similar measurements and results were obtained for the 30° and 60° models.    
Figure 4.21 and Figure.22 show plots of tangential force versus normal force for the 60° 
and 30° models, respectively.  As the contact angle decreased, the shear strength provided 
a closer approximation to the measured shear stress at the contact surface, as shown in 
Figure 4.22 for the 30° model.   It is also observed that the coefficient of friction 
increased as the contact angle decreased between the particles.  The friction coefficient 
based on measured shear stress is 0.007 for a 90° contact angle, 0.02 for a 60° contact 
angle, and 0.04 for a 30° contact angle.  This trend is expected and agrees with the results 
from Martin et al. (2003) who conducted a similar study on macroscale particles.  
However, the friction coefficient based on shear strength is closest to values obtained for 
macroscale particles.  Further studies are needed to determine why the measured values 
are so much lower than those obtained from the macroscale.  It is possible that there is 
error in the shear stress measurement at the contact due to the small number of atoms for 
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Figure 4.21   Tangential force vs. maximum normal contact force for 7.04 nm particles,  
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μ = 0.02 
μ = 0.18 
σs = 0.3 GPa 
μ = 0.04 
 
Figure 4.22   Tangential force vs. maximum normal contact force for 7.04 nm particles,  










SUMMARY AND CONCLUSIONS 
 
 
Molecular dynamics simulations were used to model the uniaxial compression of 
two single crystal spherical nickel nanoparticles.  The model configurations varied based 
on applied strain rate, particle size, contact angle between particles, and crystal 
orientation.   The stress-strain response was analyzed for each case to obtain an 
understanding of the deformation behavior of the particles.  A comparison was made with 
the uniaxial compression of a bulk cylinder.  The stress strain response of the bulk 
cylinder was found to correlate well with macroscale stress strain curves, specifically for 
the elastic regime.  In contrast, for the two particle simulations, several points of 
microyield were evident prior to the macroyield or peak stress point was reached.  
Several observations were made based on strain rate effects.   
1. As the applied strain rate increased, the yield stress and the magnitude of the 
stress-drop increased.  This agreed with trends in experimental data for 
macrosized models.   
2. Microyield and peak stress increased with increasing applied strain rate.  The 
model with the smallest applied strain rate yielded fastest, but took longer to 








3. Dislocation glide, denoted by sharp vertical drops on the stress-strain curve, 
were more pronounced at lower strain rates.                        
In examining size scale effects, an increase in yield stress and peak stress was noted as 
the particle size decreased.  No transition of the Hall-Petch effect to the reverse Hall-
Petch effect was observed.  In addition, the number of dislocations increased with particle 
size.   
Contact angle and crystal orientation had the largest effect on stress values.   The 
following conclusions were made based on this analysis: 
1. Peak stress increased with increasing contact angle due to normal indentation 
between the particles and reduced slippage.  At the extreme case of 30° 
contact angle, the shear forces are highest, and sliding at the contact surface 
occurs, reducing the axial stress during compression.   
2. The required strain to reach the peak stress increased with contac angle.  This 
trend was shown to be consistent for all the orientations studied.   
3. Crystal orientation has little effect on microyield points for the two particle 
simulation.  In contrast, crystal orientation had a large effect on peak stress 
obtained for both the porous two particle model and the bulk cylinder model.   
4. For the size range evaluated, peak stress was influenced more by contact angle 
and crystal orientation, than by particle size, <110> crystal orientation having 







5. Dislocation glide observed in the molecular dynamics model occurred along 
predicted slip planes- )111( , )111(  and )111(  for <100> crystal orientation 
with strain applied along the y-axis. 
A study on the evolution of the contact surfaces during the molecular dynamics 
simulation and an investigation of friction effects at the contact surfaces resulted in 
several conclusions.   
1. Work hardening plastic based on power law (Storåkers et al., 1997) accurately 
described the contact behavior of the nanoparticles.  A good correlation was 
shown between the measured indentation from the atomistic simulation results 
and the theoretical indentation from plastic model with work hardening by 
adjusting the hardening coefficient m and c(m)2 values of the power law.   
2. The work hardening relation was determined to be appropriate for all particle 
sizes and contact angles presented in the study.   
3. The normal force at the contact could be accurately predicted from the work 
hardening plasticity model.   
4. Shear strength from the nickel deformation maps (Frost and Ashby, 1982) 
resulted in the closest approximation to measured values of shear stress at the 
contact surface. 
5. A simple Coulomb law for friction, obtained by plotting the tangential force 
versus calculated normal force based on the work hardening relation, resulted 
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Table A.1   Summary of Model Configurations 
 
Particle diameter (nm) Strain rate (s-1) Crystal orientation Contact angle 
3.52 4.2e7 (100, 010, 001) 90  
3.52 4.2e8 (100, 010, 001) 90 
3.52 4.2e8 (100, 010, 001) 60 
3.52 4.2e8 (100, 010, 001) 30 
3.52 4.2e8 (100, 011, 0-11) 90 
3.52 4.2e8 (100, 011, 0-11) 60 
3.52 4.2e8 (100, 011, 0-11) 30 
3.52 4.2e8 combined 90 
3.52 4.2e8 combined 60 
3.52 4.2e8 combined 30 
3.52 4.2e9 (100, 010, 001) 90 
7.04 2e7 (100, 010, 001) 90  
7.04 2e8 (100, 010, 001) 90 
7.04 2e8 (100, 010, 001) 60 
7.04 2e8 (100, 010, 001) 30 
7.04 2e8 (100, 011, 0-11) 90 
7.04 2e8 (100, 011, 0-11) 60 
7.04 2e8 (100, 011, 0-11) 30 
7.04 2e8 combined 90 
7.04 2e8 combined 60 
7.04 2e8 combined 30 
10 2e8 (100, 010, 001) 90 
10 2e8 (100, 010, 001) 60 
10 2e8 (100, 010, 001) 30 
10 2e8 (100, 011, 0-11) 90 
10 2e8 (100, 011, 0-11) 60 
10 2e8 (100, 011, 0-11) 30 
10 2e8 combined 90 
10 2e8 combined 60 
10 2e8 combined 30 
7.04 cylinder 2e8 (100, 010, 001) n/a 
7.04 cylinder 2e8 (100, 011, 0-11) n/a 






















Sample Input File for WARP Program 
7.04 nm diameter particles, 90° contact angle, <100> crystal orientation, and 2x108 s-1 strain rate 
 
# DESCRIPTION:  Compaction of 2 Ni sphere (w/ 2 half spheres) 7.04 nm diameter  
# using ramp velocity, strain rate 2.083E8, temp 300K 
#-----------------------------------------------------------------------# 
units  real 
potential eam 1 nialhjea 
timestep 0.005 
lattice  fcc 3.52 
neighbor 0.3 1 
 
# free in all directions (nonperiodic boundary conditions) 
periodicity 0 0 0 
 
# outputs 
thermo  10 
#restart  1000 restart_tensile 
# box  
create box -11 11 -20 40 -11 11 
 
# define 100 lattice for first spherical particle 
orient x 1 0 0 
orient y 0 1 0 
orient z 0 0 1 
origin 0.0 0.0 0.0 
# create first spherical particle 
select region -11 11 -20 40 -11 11 
define cutout 0 sphere  0.0 0.0 0.0 10.0 
create atoms 1 
 
# define 100 lattice for second spherical particle 
orient x 1 0 0 
orient y 0 1 0 
orient z 0 0 1 
origin 0.0 20 0.0 
# create 2nd spherical particle 
select region -11 11 -20 40 -11 11 
define cutout 0 sphere  0.0 20 0.0 10.0 
create atoms 2 
 
#Define crystal orientation for and Create boundary particles 
# create 100 lattice  
orient x 1 0 0 
orient y 0 1 0 
orient z 0 0 1 
origin 0.0 40 0.0 
select region -11 11 -20 40 -11 11 
define cutout 0 sphere  0.0 40 0.0 10.0 
create atoms 3 
# create 100 lattice  
orient x 1 0 0 
orient y 0 1 0 
orient z 0 0 1 
origin 0 -20.0 0.0 








define cutout 0 sphere  0 -20.0 0.0 10.0 
create atoms 4 
 
# create types for lower (5) and upper (6) fixed planes 
select region inf inf -20 -19 inf inf 
create types 5 
select region inf inf 39 40 inf inf 
create types 6 
 
# initialize thermal velocities on interior atoms 
select type 1 
create vels thermal 600.0 1 
select type 2 
create vels thermal 600.0 1 
select type 3 
create vels thermal 600.0 1 
select type 4 
create vels thermal 600.0 1 
 
# initially, all lower and upper surfaces are fixed 
select type 5 
create fixes xyz 0 0 0 
select type 6 
create fixes xyz 0 0 0 
 
# apply temperature controls on active (interior) atoms 
temp type 1 
temp control  hoover 300.0 10.0 
temp type 2 
temp control  hoover 300.0 10.0 
temp type 3 
temp control  hoover 300.0 10.0 
temp type 4 
temp control  hoover 300.0 10.0 
 
# run to equilibrate temperature (10 ps) 
#diagnostic tensile_meam 50 Ni7_90b_eq.dat 4 2 5 14.70 010 
run  2000 
reset timestep  0 
 
# minimize potential energy 
#relax 100 
#reset timestep 0 
 
# initial Vy of fixed atoms-add ramped velocity to get strain rate of 2.083E8/s 
check vels      0 
select type 5 
create vels ramp vy 0.00625 0.00625 y -20 -19 
select type 6 
create vels ramp vy -0.00625 -0.00625 y 39 40 
 
#add Vy ramp to active atoms 
select type 4 
create vels ramp vy 0.00625 -0.00625 y -19 -39 
select type 1 
create vels ramp vy 0.00625 -0.00625 y -19 -39 
select type 2 







select type 3 
create vels ramp vy 0.00625 -0.00625 y -19 -39 
 
# make sure ramped velocity is taken into account in temperature 
temp adjust ramp vy 0.00625 -0.00625 y -20 40 
 
# set up output;  
snapshot 100 Ni7_90b 
#types 1- multiple parts based on atom type; types 0- only one part 
snap types 1 
snap column 7 
snap thresh centro 2.0 
# Compute stresses on active atoms and on each part 
diagnostic tensile_meam 50 Ni7_90b.dat 4 2 5 14.70 010 
#-----------------------------------------------------------------------# 
# create force and velocity data file 
#write meamstat 1000 meamstat90b 
 
# run up to approx. 17.0% strain 
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Determination of Slip Planes for <100> Crystal Orientation 
 
For an FCC single crystal, there are 12 possible slip systems, 4 {111} planes and 
3 <110> directions.  The number of activated slip systems when the load is applied can 
be determined by calculating the Schmidt factor m for each slip system.  The slip systems 
activated are those systems with a Schmidt factor not equal to zero.   
λφ coscos=m  
where φ = angle between the loading axis and the FCC slip plane and λ = angle between 
the loading axis and the FCC slip direction.  The angle between the loading axis and the 





















=λ ,  
where loading axis = l = [u v w] = [0 1 0] for the models in this study, [u1,v1,w1] were 
used for the FCC slip direction, and (h k l) represents the FCC slip plane.   
Thus, the Schmidt factor was calculated for the possible FCC slip systems as follows: 
 
(111)[-110] system:  (h k l) = (1 1 1),  [u1,v1,w1] = [-1 1 0],  m = 0.408 
(111)[-101] system:  (h k l) = (1 1 1),  [u1,v1,w1] = [-1 0 1],  m = 0 
(111)[0-11] system:  (h k l) = (1 1 1),  [u1,v1,w1] = [0 -1 1],  m = -0.408 
(-111)[110] system:  (h k l) = (-1 1 1),  [u1,v1,w1] = [1 1 0],  m = 0.408 
(-111)[101] system:  (h k l) = (-1 1 1),  [u1,v1,w1] = [1 0 1],  m = 0 
(-111)[0-11] system:  (h k l) = (-1 1 1),  [u1,v1,w1] = [0 -1 1],  m = -0.408 
(1-11)[110] system:  (h k l) = (1 -1 1),  [u1,v1,w1] = [1 1 0],  m = -0.408 
(1-11)[-101] system:  (h k l) = (1-1 1),  [u1,v1,w1] = [-1 0 1],  m = 0 
(1-11)[011] system:  (h k l) = (1 -1 1),  [u1,v1,w1] = [0 1 1],  m = -0.408 
(11-1)[-110] system:  (h k l) = (1 1 -1),  [u1,v1,w1] = [-1 1 0],  m = 0.408 
(11-1)[101] system:  (h k l) = (1 1 -1),  [u1,v1,w1] = [1 0 1],  m = 0 
(11-1)[011] system:  (h k l) = (1 1 -1),  [u1,v1,w1] = [0 1 1],  m = 0.408 
 
Since the activated slip systems are those that have |m| not equal to zero, there were a 
total of 8 slip systems activated for the <100> orientation with loading along <010>.  
Since |m| was the same for all 8 of these slip systems, they ideally will be activated at the 
same time.  In general, the initial slip system has the largest Schmidt factor.  Similarly, 
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Calculation of Elastic Moduli for Nickel in 
<100>, <110>, and <111> directions 
 
The Elastic Modulus in the <100>, <110>, and <111> plane normal directions is 
calculated using the elastic contants for the material and the direction cosines for the 
directions in a cubic lattice.  The basic equation for the elastic modulus is (Dieter, 1986) 
 
( )( )( )22222244121111 5.021 nlnmmlSSSSE ++−−−= , 
 
where E is the elastic modulus, Sij are the compliance constants, and l, m, and n are the 
direction cosines.  The direction cosines for the <100>, <110> and <111> directions are 
given in Table D.1: 
 
 
Table D.1   Direction Cosines for <100>, <100> and <111> directions 
 
 l m n 
<100> 1 0 0 
<110> 0.7071 0.7071 0 
<111> 0.5774 0.5774 0.5774 
 
 




















S =  
where C11 = 247 GPa, C12 = 147 GPa, and C44 = 125 GPa (Courtney, 1999).  By 
substituting the direction cosines and compliance constants into the basic equation for the 
elastic modulus and solving for E, the following results are obtained: 
    
 E100 = 137 GPa 
 E110 = 223 GPa 
 E111 = 281 GPa 
  
